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The u s u a l  agsumptions p o s t u l a t e d  i n  a r e l i a b i l i t y  s t u d y  

o f  a machine a r e  t h e  c o n s t a n t  f a i l u r e  r a t e  and c o n s t a n t  repa i r  
r a t e  ( o f  t he  machine) .  The s tudy  o f  B e l l c o r n ' s  computer U N I V A C  
1108 i n d i c a t e s  t h e  f a c t  t h a t  t h e  hardware f a i l u r e s  of t h e  computer 
a r e  t ime-dependent i n  occur rence .  More p r e c i s e l y ,  t h e  p r o b a b i l i t y  
of  a f a i l u r e  t o  occur  v a r i e s  w i t h  t h e  t i m e  o f  day .  T h i s  m o t i v a t e s  
t h e  use  of  a n o n - s t a t i o n a r y  s t o c h a s t i c  p r o c e s s  t o  d e s c r i b e  t h e  r e l i -  
a b i l i t y  o f  t h e  computer;  i t s  p r o b a b i l i t y  d i s t r i b u t i o n  i s  governed 
b y  t h e  t ime-dependent f a i l u r e  r a t e  and t h e  c o n s t a n t  r e p a i r  r a t e .  The 
problem has been s t u d i e d  under two d i f f e r e n t  s i t u a t i o n s :  f i r s t l y ,  
we assume t h a t  t h e  f a i l u r e  r a t e  !.s t ime-dependent b u t  t h a t  t h e  r e p a i r  
t i m e  i s  n e g l i g i b l e ,  t h e  model i s  t h e n  used t o  f i t  t h e  Bellcomm 
computer hardware f a i l u r e  data o v e r  a p e r i o d  o f  th ree  months,  t h e y  
a r e  October ,  November o f  1967 and March of  1968; s econd ly ,  w e  assume 
t h a t  t h e  f a i l u r e  r a t e  i s  time-dependent and t h e  r e p a i r  t ime follows 
a n  e x p o n e n t i a l  d i s t r i b u t i o n .  
on ly  t h k  d e r i v a t i o n  o f  t h e  m o d e l  i s  d i s c u s s e d  h e r e .  

Because of i n a d e q u a t e  r e p a i r  t ime da ta ,  

The r e l i a b i l i t y  s t u d y  c o v e r s  t h e  d e t e r m i n a t i o n  o f  t h e  
p r o b a b i l i t y  d i s t r i b u t i o n s  o f  the  f o l l o w i n g :  

1. Number o f  f a i l u r e s  i n  a s p e c i f i e d  t i m e  i n t e r v a l .  

2 .  The a v a i l a b i l i t y  of t h e  computer a t  a g i v e n  t ime  o r  i n  
a g i v e n  i n t e r v a l .  By t h e  a v a i l a b i l i t y ,  w e  mean t h e  suc- 
c e s s f u l  o p e r a t i o n  of t h e  machine and t h e  expec ted  l e n g t h  
of t i m e  t h a t  t h e  computer w i l l  o p e r a t e  s u c c e s s f u l l y  i n  a 
g i v e n  t ime i n t e r v a l .  Also i n c l u d e d  i n  t he  s tudy  i s  t h e  

* e s t i m a t i o n  o f  t h e  parameters  i nvo lved  i n  t h e  model. 

.- 

SEE REVERSE S I D E  FOR D I S T R I B U T I O N  L I S T  
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The p reced ing  c o n s i d e r a t i o n  o f  one computer can e a s i l y  
be  g e n e r a l i z e d  t o  t h e  r e l i a b i l i t y  s t u d y  o f  N ( > 1 )  i d e n t i c a l  
computers. The fo l lowing  p o i n t s  are a l s o  d i s c u s s e d :  

1. The p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  number o f  computers 
o p e r a t i n g  s u c c e s s f u l l y  a t  a g i v e n  t i m e .  

2. The op t ima l  number o f  computers r e q u i r e d  t o  g u a r a n t e e  
t h e  s y s t e m ' s  a v a i l a b i l i t y .  
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TECHNICAL MEMORANDUM 

1. I N T R O D U C T I O N  

Hardware f a i l u r e s  of t h e  computer are  observed  and 
r eco rded  on a d a i l y  basis as  t h e y  occur  a long the  t i m e  a x i s .  
The experiment  s ta r t s  a t  t i m e  0 ,  s a y ,  and ends a t  t i m e  T ( < m ) .  

L e t  Ti be t h e  t i m e  o f  t h e  ith f a i l u r e .  After e a c h  f a i l u r e  Ti 
there  fo l lows  a p e r i o d  o f  down t i m e  d u r i n g  which t h e  coiiiputer 
i s  be ing  r e p a i r e d .  
computer, t h e n  t h e  r epa i r  t i m e  o f  t h e  ith f a i l u r e  i s  
Si  - Ti = Vi. 
whi le  f o r  o t h e r s  i t  i s  l eng thy .  For c l a r i t y ,  we p r e s e n t  our 
data  on t h e  fo l lowing  t i m e  a x i s  

I f  Si denotes  t h e  recovery  t i m e  o f  t h e  

F o r  some f a i l u r e s  t h e  r e p a i r  t ime Vi i s  n e g l i g i b l e ,  

F igu re  1 

w i t h  0 c T1 < c1 < T 2  C 2  4 T3 < t 3  ..... < T ,  t h e  ith r e p a i r  t i m e  
b e i n g  t i  - Ti f o r  i = 1, 2 ,  ... . L e t  ( a , b )  denote  a n  I n t e r v a l  
w i t h  a < b .  If t h e r e  a r e  n f a i l u r e s  i n  [ O ,  TI, t h e n  t h e  a v a i l a b l e  
t i m e  o f  t h e  computer i s  g iven  by 

where 5 - 0 and ( C n ,  T) = pI if 5, b T.  0 -  
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Consider  one computer, l e t  N C t )  be t h e  number of 
f a i l u r e s  occur red  "up t o  t ime t" g i v e n  t h a t  we  s ta r t  t o  o b s e r v e  
t h e  computer o p e r a t i o n  a t  time to = 0 .  

t o  d e s c r i b e  t h e  s t a t e  of  t h e  computer a t  t i m e  t. X ( t )  i s  e q u a l  
t o  1 i f  t h e  computer i s  o p e r a t i n g  a t  t i m e  t and i s  o t h e r w i s e  
e q u a l  t o  ze ro .  I n  t h e  fo l lowing  s e c t i o n s ,  t h e  p r o c e s s e s  N ( t )  
and X ( t )  w i l l  be i n v e s t i g a t e d  under  v a r i o u s  assumpt ions .  

We a l s o  i n t r o d u c e  X ( t )  

2 .  RELIABILITY MODEL UNDER THE ASSUMPTION OF INSTANTANEOUS 
REPAIR TIME 

The main concern  o f  t h i s  s e c t i o n  i s  t o  s t u d y  t h e  
p r o c e s s  N ( t ) ,  t E [O,T].  Let P n ( t )  = P [ N ( t ) = n l  be t h e  p r o b a b i l i t y  
o f  having  n f a i l u r e s  i n  t h e  t i m e  i n t e r v a l  [ O , t ] .  For  a f i x e d  
t ,  N ( t )  assumes v a l u e s  0 ,  1, 2 ,  ... . Regarding t h e  i n s t a n t a n e o u s  
t r a n s i t i o n  of  t h e  N ( t )  p r o c e s s ,  w e  assume t h a t  the c o n d i t i o n a l  
p r o b a b i l i t y  that N ( t t A )  e q u a l s  n g i v e n  that N ( t )  e q u a l s  n-1 a t  
t i m e  t i s  g i v e n  by 

P [ N ( t + A )  = n /N( t )=n- l I  = A ( t ) A  + o ( Q > ,  A -F 0 

where A -F 0 ,  and X ( t >  i s  p o s i t i v e  and a con t inuous  f u n c t i o n  i n  t .  
The p o s s i b l e  t r a n s i t i o n s  of  t he  p r o c e s s  N ( t )  i n  a small t i m e  
i n t e r v a l  ( t ,  t + A )  i s  e i t h e r  i n c r e a s i n g  t h e  f a i l u r e  by one ( s a y  
f rom n-1 t o  n )  o r  remains i n  s t a t e  n-1 th rough  t ime A .  The prob- 
a b i l i t y  of m u l t i p l e  f a i l u r e s  o c c u r r i n g  i n  t ime  A i s  o f  smaller o r d e r  
of A .  The f u n c t i o n  A ( t )  may be i n t e r p r e t e d  as t h e  f a i l u r e  occur-  
r e n c e  r a t e  a t  t i m e  t ,  which i s  time-dependent.  With these pre l im-  
i n a r i e s ,  w e  can  d e r i v e  e a s i l y  t h e  d i f f e r e n t i a l - d i f f e r e n c e  e q u a t i o n s  
f o r  t h e  p r o b a b i l i t y  P n ( t > .  

w i t h  t h e  i n i t i a l  c o n d i t i o n  P o ( 0 )  = 1. 
P n ( t ) ,  w e  i n t r o d u c e  the  fo l lowing  p r o b a b i l i t y  g e n e r a t i n g  f u n c t i o n  

To s o l v e  e q u a t i o n  (1) f o r  

G ( s , t ) .  
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M u l t i p l y i n g  equa t ion  (1) by sn and swnming ove r  n ,  w e  
reduce  e q u a t i o n  (1) t o  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  

With t h e  cor responding  i n i t i a l  c o n d i t i o n  G ( s , O )  = 1. The 
s o l u t i o n  of G ( s , t )  i s  immediate, i t  i s  g i v e n  b y  

Equa t ion  ( 4 )  i s  a g e n e r a t i n g  f u n c t i o n  o f  a Poisson  random v a r i a b l e .  
Hence w e  conclude t h a t ,  f o r  every  f i x e d  t ,  t h e  p r o b a b i l i t y  d i s t r i -  
b u t i o n  of N ( t )  i s  g i v e n  by 

f o r  n=O, 1, 2 ,  ... . P n ( t )  = P[N(t )=n]  = e - a ( t ) ~ a ( t ) l n  
n! ( 5 )  

The p r o c e s s  N ( t )  i s  i n  g e n e r a l  a non- s t a t iona ry  Poisson  p r o c e s s  
w i t h  t he  parameter  s e t  [O ,T1 ,  T < w .  Note t h a t  i f  a c t )  = a t  (a 
i s  a p o s i t i v e  c o n s t a n t ) ,  t hen  N ( t )  r educes  t o  a t i m e  homogeneous 
P o i s s o n  p r o c e s s .  
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Our nex t  problem i s  t o  estimate t h e  parameter  

X(z)dz . 

For convenience and c l a r i t y ,  we use  ou r  computer data 
t o  i l l u s t r a t e  t h e  e s t i m a t i o n  procedure .  The numer i ca l  r e s u l t s  
w i l l  be  g i v e n  a f t e r  t h e  e x p l a n a t i o n  o f  t h e  e s t i m a t i o n  method. 

Our computer i s  ope ra t ed  on a d a i l y  basis ;  i t  i s  s h u t  
down on Sa tu rdays  and Sundays. The t i m e  from 4 t o  6 a . m .  
o f  every  working day i s  t h e  maintenance and check up p e r i o d  and 
no o b s e r v a t i o n s  are t a k e n .  S ince  c c c a s i o n a l l y  t h e  maintenance 
p e r i o d  ex tends  beyond 6 a.m., w e  t ake  8 a . m .  t o  be t h e  s t a r t i n g  
t i m e  o f  o u r  exper iment .  We t h u s  have t h e  o b s e r v a t i o n  p e r i o d  
[O,T] t o  be [8  a . m . ,  4 a . m . ]  

L e t  I be t h e  t o t a l  number o f  d a y s  w e  have observed ,  
and l e t  N i ( t )  be t h e  number o f  f a i l u r e s  up t o  t i m e  t on t h e  

ith day  f o r  t E [O,t]. 
p a t h  of t h e  s t o c h a s t i c  p rocess  N ( t )  d e f i n e d  i n  e q u a t i o n  ( 5 ) .  
By ou r  c o n s t r u c t i o n ,  t h e  p rocesses  N i ( t )  are independent ly  
d i s t r i b u t e d  for i = 1 , 2 , .  . . ,I. 

The observed N i ( t )  r e p r e s e n t s  a sample 

For  any f i x e d  t, t E [ O , T I ,  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  
o f  N i ( t )  i s  g i v e n  by 

n e - a W  a i lt) 

P[Ni(t)=ni] = ( n  i )  ¶ 

t h e  same as t h a t  o f  equa t ion  ( 5 )  and t h e  j o i n t  p r o b a b i l i t y  
d i s t r i b u t i o n  of N i ( t ) ,  i=l, ..., I i s  t h e  product  
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Thus, w e  have t h e  l o g a r i t h m  o f  l i k e l i h o o d  f u n c t i o n  i s  e q u a l  t o  

The maximum l i k e l i h o o d  e s t i m a t e  h ( t )  of a c t ) ,  f o r  a f i x e d  t ,  can 
be ea s i ly  o b t a i n e d .  

I 

S i n c e  N i ( t )  are independent ly  and i d e n t i c a l l y  d i s t r i b u t e d ,  w i t h  
~~ 

E N i ( t )  = a ( t )  < QJ and v a r i a n c e  o f  N i ( t )  = a ( t )  < m. 

of  large numbers, f o r  every  f i x e d  t ,  
By t h e  l a w  

I 

Gonverges t o  a ( t )  a .s .  a s  I t e n d s  t o  i n f i n i t y .  Thus w e  have 
a ( t )  a c o n s i s t e n t  and obvious ly  a n  unbiased  e s t i m a t o r  o f  a ( t ) .  

3. THE NUMERICAL RESULTS OF UNIVAC 1108  DATA COMPUTED UNDER 
THE MODEL OF SECTION 2 

The hardware f a i l u r e  data were c o l l e c t e d  by Department 
1 0 3 2  d u r i n g  t h e  months o f  October and November of  1967 and March 
o f  1968.  The o b s e r v a t i o n s  were t a k e n  on a d a i l y  basis from 
8 a . m .  t o  4 a . m .  o f  t h e  next  day  f o r  a p e r i o d  of  20 hour s .  The 
f a i l u r e  data are summarized i n  f requency  tab les  ( I ) ,  CII), (111) 
and  ( I V )  f o r  t h e  three months s e p a r a t e l y .  

I n  Table ( I ) ,  we d i v i d e d  t h e  t i m e  a x i s  i n t o  h o u r l y  
i n t e r v a l s  u s i n g  t h e  beginning  o f  each  hour  as d i v i n g  p o i n t s .  I n  
t h e  f i r s t  p a r t  of Table  (I), we have p l o t t e d  the number of f a i l u r e s  
N (see d e f i n i t i o n  i n  s e c t i o n  1) i n  each  hour  ove r  t he  whole 
m h t h  (Oc tobe r ) .  
t ha t  o c c a s i o n a l l y ,  the  same f a i l u r e  sou rce  was r eco rded  more t h a n  

However, i n  t h e  o r i g i n a l  raw data,  w e  n o t i c e d  
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once due t o  t he  f a c t  that  t h e  f a i l u r e  was n o t  p r o p e r l y  r e p a i r e d  
a t  t h e  f i rs t  t i m e  tha t  t h e  o b s e r v e r  l o c a t e d  t h e  f a i l u r e .  El imin-  
a t i n g  t h o s e  " d u p l i c a t e d "  f a i l u r e s ,  w e  p l o t t e d  o n l y  " c l u s t e r  
c e n t e r s "  o f  these f a i l u r e s .  This  i s  g i v e n  i n  t h e  lower  p a r t  o f  
Tab le  (I). I n  both  p a r t s  o f  T a b l e  ( I )  w e  see t h a t  t h e  f a i l u r e  
f r e q u e n c i e s  va ry  w i t h  t i m e ,  t h e r e  are approximate ly  t h r e e  f re-  
quency peaks which o c c u r r e d  i n  t h e  s u b - i n t e r v a l s  from 9 t o  1 0  a . m . ,  
13 t o  1 4  p.m. and 1 6  t o  1 7  p.m. The f a i l u r e  r a t e  i s  obv ious ly  
non- l i n e a r .  

I n  o r d e r  t o  check the d i f f e r e n c e  i n  t h e  p a t t e r n  of 
f a i l u r e  f requency  i f  we use  a n o t h e r  d i v i d i n g  s y s t e m  t o  o b t a i n  t h e  
h o u r l y  i n t e r v a l s ,  w e  chose 25 minu tes  a f t e r  each  hour  as t h e  
d i v i d i n g  p o i n t s  o f  t h e  s u b - i n t e r v a l s .  A s  shown i n  T a b l e  I1 ( o f  
October  data) ,  t h e  non- l inea r  f a i l u r e  f r e q u e n c i e s  p e r s i s t ,  however 
t h e  peaks are d i f f e r e n t .  T h i s  i n d i c a t e s  t h a t  t h e  f a i l u r e  f r equency  
p a t t e r n  i s  s e n s i t i v e  t o  the  d i f f e r e n t  cho ice  o f  d i v i d i n g  p o i n t s  
of s u b - i n t e r v a l s  ( o f  t h e  same l e n g t h ) .  However, t h i s  causes  no 
d i f f i c u l t y  i n  t h e  a n a l y s i s ,  s i n c e  w e  employ a cont inuous- t ime 
s t o c h a s t i c  p r o c e s s .  

From now on,  f o r  c o n s i s t e n c y ,  t h e  d i v i d i n g  p o i n t s  o f  
s u b - i n t e r v a l s  are chosen t o  b e  8:25, 9:25,  10:25,  ..., and so on. 
The November (Table  111) and March data ( T a b l e  IV) showed a s imi la r  
p a t t e r n  of f a i l u r e  f r e q u e n c i e s .  We obse rve  t h e  h i g h e s t  peak n e a r  
noon t i m e  and two l o c a l  peaks i n  t he  ear ly  morning and l a t e  af ter-  
noon r e s p e c t i v e l y .  The t o t a l  number o f  f a i l u r e s  d e c r e a s e s  g r a d u a l l y  
from 72 c a s e s  i n  October  t o  49 c a s e s  i n  November and f u r t h e r  t o  
42 c a s e s  i n  March. 
newly i n s t a l l e d  computer. 

T h i s  i s  due t o  t h e  g r a d u a l  s e t t l e m e n t  of  t h e  

Whatever may be t h e  peaks, what w e  l i k e  t o  emphasize i s  
t h e  n o n - l i n e a r  f e a t u r e  of  t h e  f a i l u r e  data. Using t h e  model 
deve loped  i n  s e c t i o n  2 ,  w e  have 

-a( t 1 
f o r  n=O, 1, ... a n ( t >  e 

n! P [N( t )=n]  = 

w i t h  a ( t )  deno t ing  t h e  expec ted  number o f  f a i l u r e s  i n  

X ( z ) d z .  
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A s  a comparison, we p r e s e n t  t h e  u s u a l  a n a l y s i s  by 
u s i n g  a c o n s t a n t  f a i l u r e  r a t e  A .  Corresponding t o  t h i s  c a s e ,  
w e  have 

f o r  n=0,1,2,  ... ( A t > n  ewAt 
n! P[N(t)=n]  = 

p d  t h e  expec ted  number of f a i l u r e s  i n  ( 0 , t r  is A t .  
a ( t )  o f  a c t )  i s  p l o t t e d  i n  Table  (X) on the  basis o f  the e s t i m a t i o n  
method d e r i v e d  i n  s e c t i o n  2 .  The broken l i n e  (ii) i s  t h e  estimate 
based on t h e  l i n e a r  model ( equa t ion  ( 6 ) ) ,  where t h e  estimate x  ̂ of  

T h e  estimate 

I 1 Ni(T) 
i=l 

IT A i s  c a l c u l a t e d  from t h e  fa rmula  x^ = 

Comparing the  two e s t i m a t e s  g ( t >  and it  i n  Table  (X) b y  
"eye" i n s p e c t i o n ,  w e  see t h a t  t h e y  g i v e  q u i t e  d i f f e r e n t  r e s u l t s .  
The non- l inea r  v a r i a t i o n  r e v e a l e d  i n  g ( t >  i s  ra ther  obvious .  O f  
c o u r s e ,  w e  cou ld  have made the  comparison more r i g o r o u s  by per-  
forming a t e s t  o f  h y p o t h e s i s  o f  c o n s t a n t  f a i l u r e  r a t e  A a g a i n s t  
a t i m e  dependent one A ( t ) .  
it does not  seem n e c e s s a r y  a t  t h e  p r e s e n t  (see Conc lus ion ) .  

p r o b a b i l i t y  P[N( t )=n]  a c c o r d i n g l y .  A s  an  example,  we g i v e n  i n  
Tab le  ( X I )  t he  p r o b a b i l i t i e s  co r re spond ing  t o  a c t )  = 1 . 4  where 
t i s  e q u a l  t o  l5:lO p.m. The p r o b a b i l i t i e s  may be r e a d  from 
Biomet r ika  Table  [l]. 

T h i s  migh t  be done i n  t h e  f u t u r e ,  however, 

From T a b l e  (X) w e  can  read o f f  i ( t )  and c a l c u l a t e  t h e  

Even an  a r b i t r a r y  s t r a i g h t  l i n e  such  as (i) th rough  t h e  
o r i g i n  t o  t h e  &( t )  curve ,  would be a b e t t e r  f i t  t h a n  l i n e  
(ii) a t  leas t  up t o  t ime t = 2 2 : 2 5 .  
we have A t  = 1, which d i f f e r s  from g ( t )  = 1 . 4  by .4. The d i f f e r e n c e  
o f  t h e  co r re spond ing  p r o b a b i l i t i e s  P [ N ( t ) = n l  i s  g i v e n  i n  Table ( X I ) .  
I t  shows t h a t  t h e  l i n e a r  model r e s u l t s  cou ld  d e v i a t e  i n  p r o b a b i l i t y  
(see column ( 3 ) )  from t h e  observed - e s t i m a t e d  data by 50% (see n=O). 

For  l i n e  ( i),  a t  t = l5 : lO p.m., 

4. RELIABILITY STUDY OF ONE COMPUTER WITH TIME-DEPENDENT FAILURE 
RATES AND CONSTANT REPAIR RATE 

A more g e n e r a l  approach i s  t o  take t h e  r e p a i r  t i m e  i n t o  
c o n s i d e r a t i o n .  A t  any t i m e  t E[O,TI ,  t he  computer i s  e i t h e r  a t  a 
f u n c t i o n i n g  s t a t e  o r  a t  a r e p a i r  stage.  L e t  u s  u se  X ( t )  t o  des- 
c r i b e  t h e  s t a t e  of t h e  computer a t  t i m e  t .  We d e f i n e x ( t )  as 
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fo l lows  : 
1 i f  t h e  machine i s  o p e r a t i n g  f 

1 0  i f  t h e  machine i s  be ing  r e p a i r d .  

Assume tha t  i n i t i a l l y  X C O )  = 1. L e t  p ( t )  be  the p r o b a b i l i t y  
tha t  t h e  p r o c e s s  X ( t )  i s  i n  s t a t e  j a t  t i m e  t ,  f o r  j = 0, 1. 
Thus t h e  s t o c h a s t i c  p rocess  X(t> has a parameter  se t  [O,T] and 
s ta te  space  ( 0 , l I  . '?he p o s t u l a t e d  mechanism f o r  t h e  v a r i a t i o n  
of t h e  p rocess  i s  a g a i n  expressed  i n  terms of  t h e  p r o b a b i l i t i e s  
o c c u r r i n g  i n  a small i n t e r v a l  ( t ,  t t A ) .  We assume t h a t  du r ing  
( t ,  t t A ) ,  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  a t r a n s i t i o n  from 
s t a t e  1 t o  s t a t e  0 Occurs i s  A ( t ) A + o ( A )  g iven  t h a t  t h e  system , 

a t  s t a t e  1 a t  t i m e  t .  S i m i l a r l y ,  g i v e n  t h a t  t he  s y s t e m  i s  a t  
s t a t e  0 a t  t i m e  t ,  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  a t r a n s i t i o n  
from s t a t e  0 t o  1 occurs i s  ~ A + G ( A > .  The va lue  A ( + \  \ u /  is t h e  
i n s t a n t a n e o u s  f a i l u r e  ra te  and P i s  t h e  r e p a i r  r a t e .  Under t h e s e  
assumpt%ons,  w e  can e a s i l y  d e r i v e  t h e  fo l lowing  d i f f e r e n t i a l  
e q u a t i o n s  for t h e  p r o b a b i l i t i e s  p ( t ) .  

j 

j 

( 5 )  

w i t h  t he  i n i t i a l  c o n d i t i o n  p l (0 )  = 1. 

i t  s u f f i c e s  t o  s o l v e  equat ion  ( 5 )  o n l y .  I t s  s o l u t i o n  i s  g iven  by 

S ince  p o ( t )  t p , ( t )  = 1, 

J O  e 
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Hence E X ( t )  = P , ( t )  and 0 2 ( X ( t ) )  = p l ( t ) [ l - p l ( t ) l .  We have 
o b t a i n e d  t h e  p r o b a b i l i t y  p , ( t )  t ha t  the computer i s  o p e r a t i n g  
a t  any t i m e  t .  

Another s t a t e m e n t  can  be  made about  t h e  p r o c e s s  X ( t ) .  
r T  

Cons ider  t h e  s t o c h a s t i c  i n t e g r a l  / 
q u a d r a t i c  mean. The i n t e g r a l  

amount o f  t i m e  t h a t  t h e  p rocess  X ( t )  i s  i n  s t a t e  1 d u r i n g  [O,T] .  
Its expec ted  v a l u e  

X ( t ) d t  which e x i s t s  i n  

X ( t ) d t  r e p r e s e n t s  t he  t o t a l  lT O 

gives  t h e  expec ted  l e n g t h  of t h e  p r o c e s s  ( t h a t  the computer i s  
o p e r a t i n g )  s t a y i n g  i n  s ta te  1 dur ing  [ O ,  TI. 

To o b t a i n  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h e  number 
o f  f a i l u r e s  N ( t )  up t o  t ime t ,  w e  proceed as fo l lows .  
l e t  us  re-draw F igure  1 of s e c t i o n  1 below 

F i r s t ,  

0 T1 51 T 2  5 2  c 3  . . . . . . . T3 
a 

T 

w i t h  0 < T1 < c1 < T2 < 

o f  t h e  p r e s e n t  s e c t i o n ,  t h e  r e p a i r  times Vi = Si - T 

d e n t l y  d i s t r i b u t e d  w i t h  t h e  same exponen t i a l  distribution 

.... < T. According t o  o u r  assumptions 
are indepen- i 

-lJv G ( V )  = 1 - e 
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and t h e  c o n d i t i o n a l  d e n s i t y  o f  t h e  ith f a i l u r e  t i m e  Ti g i v e n  
t h a t  the  las t  r ecove ry  o c c u r r e d  a t  si - i s  

f(ti/siml) = h C t i ) e x p  { -  X ( z ) d z l ,  Xcz)  > 0 

s i -1  
t i  2 0 

( 8 )  

The j o i n t  p r o b a b i l i t y  d e n s i t y  o f  t h e  p a i r  (Ti,  S i ) ,  
g i v e n  si-1, i s  

By s imple  p r o b a b i l i s t i c  arguments ,  w e  o b t a i n  t h e  j o i n t  
p r o b a b i l i t y  d i s t r i b u t i o n  of t h e  random v a r i a b l e s  T1, El, T2, 
6'2, * * * 3  T N ( t )  and N ( t ) .  

< t .  I n t e g r a t i n g  e q u a t i o n  
< t ,  w e  g e t  t h e  

N ( t )  w i t h  0 < tl < c1 < t2  < C 2  ..... < t 
(10) over  t h e  r e g i o n  0 < t l  < C1 < ... 
p r o b a b i l i t y  d i s t r i b u t i o n  of  N ( t ) ,  P , ( t ) .  
t h e  paramgters  p, t h e  problem i s  s imple .  The maximum l i k e l i h o o d  
e s t i m a t e  u of  LI i s  g i v e n  b y  

< t N ( t )  
For  t h e  e s t i m a t i o n  o f  
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i=1 

To estimate A c t )  w e  need an e x p l i c i t  form f o r  t h e  f u n c t i o n  A ( t ) .  

5 .  RELIABILITY OF A REDUNDANT SYSTEM OF N IDENTICAL COMPUTERS 

Suppose there i s  a system of  N i d e n t i c a l  computers,  each 
o f  which o p e r a t e s  independent ly  and performs t h e  same t y p e  of  c a l -  
c u l a t i o n s .  
w i t h  t h e  f a i l u r e  r a t e  X ( t )  and repa i r  r a t e  v as d e f i n e d  i n  s e c t i o n  4. 
The s y s t e m  i s  said to be i n  s t a t e  k ,  a t  t i m e  t ,  f o r  0 5 k s N ,  i f  
there  are  k computers o p e r a t i n g  a t  t ime t while  t h e  remaining N-k 
machines are be ing  repiaced. %e have cons ide red  t h e  spec ia l .  c a s e  
when N = l  i n  s e c t i o n  4, where t h e  s y s t e m  i s  d e s c r i b e d  by t h e  s t o -  
c h a s t i c  p r o c e s s  X ( t ) .  1, w e  i n t r o d u c e  X i ( t ) ,  i=l, ..., N ,  
w i t h  each X ( t )  having the  same p r o b a b i l i s t i c  i n t e r p r e t a t i o n  as t h a t  

of X ( t > .  The p r o c e s s  X i ( t )  assumes va lue  1 or 0 a t  t i m e  t depending 
on whether  t h e  ith computer i s  o p e r a t i n g  o r  no t .  

The machines a r e  s u b j e c t  to f a i l u r e s  and repa i rs ,  

Now, f o r  N 

i 

N 
L e t  u s  d e f i n e  S N ( t )  =. 5 X i ( t )  which r e p r e s e n t s  t h e  

number of machines o p e r a t i n g  a t  t i m e  t .  
X i ( t )  i s  a B e r n o u l l i  random v a r i a b l e  w i t h  p r o b a b i l i t y  o f  be ing  
o p e r a b l e  e q u a l  to p , ( t >  ( s e e  e q u a t i o n  ( 7 ) )  and X i ( t ) ,  f o r  i=1, ..., N 
are independent ly  d i s t r i b u t e d ,  t h e  sum S N ( t )  f o l l o w s  a b inomia l  
d i s t r i b u t i o n  B ( N , p l ( t ) ) .  The p r o b a b i l i t y  that k machines a re  oper- 
able  a t  t i m e  t i s  g i v e n  by 

i= 
Since  f o r  any f i x e d  t ,  

I f  a minimum number of k* machines i s  r e q u i r e d  t o  
g u a r a n t e e  a s a t i s f a c t o r y  performance o f  t h e  s y s t e m ,  t h e n ,  wi th  
a g i v e n  N and p , ( t ) ,  t h e  r e l i a b i l i t y  o f  t h e  sys t em a t  t i m e  t 
is expressed  by t h e  fo l lowing  p r o b a b i l i t y .  
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On t h e  o t h e r  hand, g i v e n  p , ( t )  and a, w e  are able  t o  
de t e rmine  t h e  number o f  machines N* needed t o  a c h i e v e  a 
p rede te rmined  r e l i a b i l i t y  a. We f i n d  t h e  l a r g e s t  N* such  t h a t  

6 .  CONCLUSIONS 

The p r e s e n t  p a p e r  d e r i v e s  a s t o c h a s t i c  model u s e f u l  i n  
ana log ing  t h e  r e l i a b i l i t y  of computer o p e r a t i o n s .  A t  p r e s e n t ,  
w e  used Bellcomm's UNIVAC 1108 hardware f a i l u r e  data as an  example 
t o  s t u d y  t h e  r e l i a b i l i t y  p r o b l e m .  It i s  found by t h e  numer ica l  
ev idence  tha t  t h e  u s u a l  assumption o f  c o n s t a n t  f a i l u r e  ra te  may 
n o t  b e  a p p l i c a b l e  i n  s e t t i n g  up a r e l i a b i l i t y  model. Thus a t i m e -  
dependent  f a i l u r e  ra te  X ( t )  i s  i n t r o d u c e d  i n  b u i l d i n g  t h e  model. 
It  i s  a l s o  h i g h l y  s u s p e c t e d  tha t  computer f a i l u r e  r a t e  X ( t )  may 
v a r y  w i t h  i t s  usage p a t t e r n .  Accord ingly ,  w e  would expec t  a 
d i f f e r e n t  f a i l u r e  ra te  X ( t )  i n  o t h e r  computer sys t ems .  The model 
d e r i v e d  i n  t h i s  paper  assumes no f u n c t i o n a l  form f o r  X ( t ) ,  e xcep t  
t h e  c o n t i n u i t y  and p o s i t i v i t y  c o n d i t i o n s ,  t h i s  makes t h e  model 
feas ib le  f o r  g e n e r a l  a p p l i c a t i o n s .  The s tudy  is  be ing  ex tended  
and w i l l  i n c l u d e  a n a l y s e s  of MSC computer system data. 
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